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. ' Abstract. We study the Chow motive (with rational coefficients) 

£3 of a hypersurface X in the projective space by using the variety 

F(X) of /-dimensional planes contained in X. If the degree of X 
\q . is sufficiently small we show that the primitive part of the motive 

of X is the tensor product of a direct summand in the motive of 
a suitable complete intersection in F(X) and the l-th twist Q(— I) 
' of the Lefschetz motive. 

< 

+-> 

Introduction 

Let X be a smooth hypersurface of degree d in the projective space 
PJJ over a field k. In this paper we study the Chow motive (with rational 
■ coefficients) of X provided that d is sufficiently small. 

. Roitman has shown that the Chow group of zero- dimensional cycles 

[ of degree is a torsion group if d < n |RJ. For higher dimensional 

cycles it is known [ELVt Theorem 4.6] that the Chow groups satisfy 

O ■ CHj/(X) ® Q = CH r (P n ) <g> Q = Q for < I' < I - 1 

oo ! 

O ■ if n > ( ) and d > 3. The identity also holds if X is covered 

by Z-dimensional planes [V] Theorem 9.28], or more generally if X 
is a hyperplane section of a hypersurface Y which is covered by l- 
$_i ■ dimensional planes [O]. 



Results on triviality of Chow groups give rise to a decomposition of 
the motive X associated with X. In our case, we get 
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X^M D ®Q(-/)©0' 



where Q(— 1) is the Lefschetz motive and Mp is a direct summand of 
the motive D of some variety D. Our purpose is to describe Ma- 
in order to state the theorem we need the following notation. An 
/-dimensional plane E in P ra is called osculating plane if the intersection 
E H X in an (/ — 1) -dimensional plane or if E is contained in X. We 
say that X has sufficiently many osculating planes if there exists an 

l 
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osculating plane through every closed point of X (the planes may be 
defined over a field extension of k). 

Theorem (see Theorem 12.51) . Let n,d,l be numbers such that a gen- 
eral hypersurface of degree d in the projective space P" has sufficiently 
many osculating l-dimensional planes. Let X C P™ be a smooth hyper- 
surface of degree d such that the Fano variety Fi(X) of l-dimensional 
planes contained in X is smooth and has the expected dimension. Fur- 
thermore, let HFi(X) C Fi(X) be a smooth complete intersection of 
hyperplanes (in the Pliicker embedding) with dim HFi(X) — n — 21 — 1. 
Then there is an isomorphism in the category of Chow motives with 
rational coefficients: 

n-l 

X = M HFl{x) ® Q(-l) © Q(-i) 

and M HFl ( X ) is a direct summand in the motive of HFi(X). 

The conditions on n, d,l hold if n > (^ +d ~ l ) +1-1. 
Let us sketch the idea of the proof. We consider the family of planes 
over HFi(X): 

E = {(x, E) G X x HFi(X); x G E} C X x HFi(X). 

The cycle H defines a correspondence <pi : HFi(X) £g> Q(— I) —>■ X resp. 
2 : X — > HFi(X) <S> Q(—l). The composite 0i o <fi 2 is the cycle 

Z x = {(x,y) eXxX;x,yeE,Ee HF l {X)} 

in CH n_1 (X x X). The most important step is to show that 

(0.0.1) Z x = i*(a)+m- A x , 

for some a G CH rt_1 (P n x P n ), some nonzero integer m, the inclusion % : 
X 2 ■=— > (P n ) 2 and the diagonal A x . In order to prove [QTOTTI we introduce 
the doubled incidence variety of degree d hypersurfaces together with 
two points: 

S = {(x,y,Y) G (P n ) 2 x F{Sym d {k n+1 ));x,y G Y}. 

The projection p : S — > (P n ) 2 is a projective bundle over (P n ) 2 — Apn 
and Apn, so that CH n_1 (E) can be calculated by using the projective 
bundle formula and the localization sequence. The cycle p _1 (A P . l ) G 
CH ri_1 (S) maps to the diagonal Ax by the pullback map j* of the 
inclusion j : X x X — ► E. One defines a cycle Z G CH n_1 (E) with 
j*(Z) = Zx, and by comparing Z with p _1 (Apn) we obtain ICT.O. II after 
applying j*. 
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I. Cycles in the doubled incidence variety 

1.1. Let k be a field and let P(Sym d (/c ra+1 )) be the hypersurfaces of 
degree d in the projective space P£. We denote by E the doubled 
incidence variety 

E = {(x,y,X) G (P n ) 2 x F{Sym d {k n+1 ));x,y G X}. 

Let p : E — > (P™) 2 be the projection, we define Ei := p~ 1 (A^n) and 
E := E — Ei. In the diagram 

E *■ E -* Ei 

v 

(pn)2 _ Apn ^ (pn)2 _ Apn 

the varieties So resp. Si are projective bundle with fiber dimension 
N - 2 resp. N-1, where N = dimP(Sym d (£; n+1 )). It is easy to 
see that Sing(E) = {(x,x,X);x G Sing(X)}. The singular locus is a 
projective bundle over A P n with fiber dimension iV — 1 — n. 

1.2. There is an exact sequence 

(1.2.1) CH°(Ei) -> CH n_1 (E) -> CH n_1 (Eo) -»• 

from the localization sequence of Chow groups (CH* denotes the group 
of i-codimensional cycles modulo rational equivalence). Moreover, there 
is a natural splitting defined as follows. 

Let (j) : E F(Sym d (k n+1 )) be the projection and set c = <p*{a{0{l))). 
For the other projection p : S — > (P n ) 2 we may define p* to be the 
composite e* o pr* where e : S -> (P ra ) 2 x F(Sym. d (k n+1 )) is the regular 
embedding and pr is the projection to (P n ) 2 . From the projective 
bundle formula we see that 

n-1 

c n-i-< . p *Cff((P") 2 ) C CH^^E) 

i=0 
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splits the sequence ll.2.1[ so that every class Z in CH ?l ~ 1 (E) can be 
written as 

n-1 

Z = ^c"- 1 - l -p*(a J )+m-[S 1 ] 

i=0 

with cu G CIT((P n ) 2 ) and m G Z. 



1.3. Let 7i be a smooth, connected projective fc-scheme and 3 C 
7i x P" be a family of k dimensional subschemes of P n , flat over 7i. We 
assume that k > 1 and: 

(A) The sheaf pr 1=f (C= ® pr|CV«((i)) on Ti is locally free and the 
natural map 

(1.3.1) Sym d ((P +1 ) v ) ® O -> pr u (C s ® pr^O^d)) 
is surjective. 

We denote by the kernel of 11.3.11 It is convenient to write QE for 
P^i* (Os <S> pr20pn(c?)). In the following commutative diagram we fix 
the notation for the various maps 

3 x H H x H P(£V) * S (P™) 2 

/p(B v ) 

P(£ v ) ^F(Sym d (k n+1 )) 

fn 

n. 

Define 

(1.3.2) Z := /e*/ p V)/w : CH*- e (ft) -> CH*(E), 

we will be mainly interested in cycles Z(a) G CH n_1 (S) and their 
pullback to X x X C S for a hypersurface X. 

The cycle 3 G CH n_K (7i x P n ) has a unique representation 

n—K 

(1.3.3) [3] =^£n-«-i®# < 

i=0 

with & G CEP (7Y) and # = ci(0 P »(l)). 

Lemma 1.4. For a G CH"- 1 ^^) letZ(a)^ = J2iIo ^~ 1 ~ 4 -p*(a i ) be 
the pullback of Z(a) to So. The classes aj can 6e computed as follows: 



[l + d®H)(l + H®d) 
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in CH*((P") 2 - Apn), and where 

®s,t / ^,n—K—s ' ^n—K—t 

Jh 

Proof. On (P™) 2 — Apn the evaluation morphism 

(1.4.1) Sym d ((£; n+1 ) v ) <g> O -> pr*C P n(d) © pi* 2 ¥ n(d) 

is surjective, let G be the kernel. We have S = P(G V ) and C|s 
ci(C?p(gv)(1)), so that 



1 n— 1 

(1-4.2) P.( I ^^(a)|E )=E a i( G )-E 



n-1 

j>0 i=0 



where Sj(C?) are the Segre classes. Since G is the kernel of 11.4.11 we see 

(1.4.3) (l + d-prJc 1 (O pn (l)))(l + d-pr^ 1 (O pn (l)))^ Si (G) = 1. 

J>0 

Define 

(1.4.4) T l (a)=p*(c N - n - 1+t Z(a)) 

and let j : (P n ) 2 — Apn C (P n ) 2 be the open immersion. It follows from 
EDO] and Dl that 

(1.4.5) }^ a i 



(l + d®H)(l + H®<£)' 
Let us now compute the T,: 

Pie (c N ~^ 1+i Z(a)) = pjx*((<f> o /E)*c 1 (0(l)) Ar — 1+t • (/ w o /p (£V) )*(a)) 
= P*/s*/ P V ) (V*c 1 (0(l)) iV -"- 1+i • r H {a)) 

The map T = p*/s*/p(£V)is given by the correspondence F(E V ) x^Hx^S 
in P(£ v ) x (P n ) 2 , and using we see 

0<s,t<n—K 

in CH*(ft x (P™) 2 ). So that the coefficient of ® tf* in 2}(a) is 
(1-4.6) f fUn-K-s ■ f H in- K -t ■ rci(<D(l)) N - n - 1+i ■ /• (a) = 



/ Cn-K-s ' Cn-K-t ' SN-n-rk(E)+i(E) ■ a. 
JH 
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If Z(a) G CH n - x (E) then T^a) G Cff((P n ) 2 ) by definition, so that 
the coefficient of H s eg) if* in Tj(a) vanishes if s + t 7^ i. The identity 
Sjv-„-rk(E)+i(£) = c rk (Q S )_ n _i +i ((5-E) completes the prove. □ 

The next Lemma computes the pullback of Z(a) to X x X for a 
hypersurface X. We write %•£ for the inclusion IxI->E and Z(pn)2 
for the inclusion IxI-> (P n ) 2 . Note that both inclusion are locally 
complete intersection, thus the pullback is well-defined. 

Lemma 1.5. ForZ(a) G CH n_1 (E) andZ(a)p = J27=o ^"VK); 
we have 

i%Z(a) = «* P n )2 (a ri _i) - m ■ A x , 

where 

n— 1 „ 

m = d- ^2 (~ d y / £n-« • • CrHQE)-2-j(QE) ■ a. 

j= K -i Jn 

Proof. We know that 

n-1 



;i.5.i) z(o) = • p*( a *) - m ■ Pi 



i=0 

for some m. The line bundle i^<f)*0(l) is trivial and = ^x, 

therefore 

(1.5.2) «^Z(a) = «* pn)2 a n _i - m • A x - 
We claim that 

(1.5.3) 2( P n)2*4/? = P*(C N ■ ft) 

for every class ft G CH*(E). This follows from the following fact. If 
g : D C Y is a Cartier divisor on K and L the associated line bundle, 
then g*g*(ft) = c x {L) ■ ft. 

Claim [T75T31 implies !(p»p <! j^Z(a) = T n+1 (a) (see 11.4.41) . The coeffi- 
cient of H®H n in T n+1 (a) is computed in ll.4.6l and vanishes for trivial 
reasons (if k > 1). Using Lemma [1.41 we see that the coefficient 7 of 
1 (g) if 1-1 in a n _! is 

n-1 

j = K-l 

By applying Z( P n) 2 * to[lJL2]and using ? (P n)2^* pn)2 a„_i = d 2 (H®H)-a n -i 

and !( PI .)2 t Aj = d ■ Ym>o H t+1 (g> H n ~ l it follows that m = d • 7, as 
claimed. □ 
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2. Motives of hypersurfaces and their Fano varieties 

2.1. In the following we work with the Grassmannian of K-planes TC = 
Gr K in projective space and 5 C Gr K x P n the universal family. We 
denote by V resp. QV the tautological bundle V C O^ 1 resp. the 
quotient O^ 1 /V. The family H is the projective bundle H = F(V V ) 
and it is easy to see that 

n—K 
i=0 

in CfF^(GrxP n ). Furthermore we have QE = pr u (C s (g)pr*C P n(d)) = 
Sym d (V v ). 

2.2. We will be interested in cycles Z( Cl (V v ) s ) G CH n-1 (£), for s > 0, 
(notation as in 11.3.21) . By counting dimensions we see that 

( & _i_ K \ 

(2.2.1) s = dimS- xk(QE) - (n- 1) = «(n-/c) - ( j+K+1 
Let us consider the variety 

(2.2.2) {(x 7 E K „ u E K ,X) Gfx Gr K _! x Gr K x P(Sym d (P +1 )); 

x G E K „! GE K ,E K nX = E K —i or E K C X}. 

More formally, this variety is defined as follows. On H = P(V V ) there 
is an exact sequence of vector bundles 

(2.2.3) 0-.F 1 v ->y v ->O P(y v ) (l)-.0, 

and the points of P(Vi) are {(x, E K _i, E K );x G E K _i C E K }. Since 
Cp(v 1 )(— 1) C V^ v C V y we can define G to be the kernel of 

Sym^P+T) - Sym d (y v )/O m) (-d). 

Then P(G V ) is the variety EZLl 

The following condition will imply that the diagonal Ax, for a hy- 
persurface X, can be written in terms of the pullback of Z(ci(V v ) s ) to 
X x X (i.e. m ^ in Lemma [1.51) . 

(B) The following map is surjective: 

P(G V ) -> {(x,X) G P n x P(Sym d (A; n+1 ));x G X} 

(x, h-> (x,x). 

By counting dimensions we see that a necessary condition for (B) is 
s > (with s as in I2.2.1j) . If d = 2 then s > is not sufficient, the first 
example is k = 3 and n = 5. In fact, (B) is equivalent to n > 2 • k if 
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d = 2, which can be checked by using the following Lemma. However, 
we don't know any counter examples to 

(2.2.4) (B) s > 

for d > 2. If k = 1 then 12. 2741 is true. This also holds for (n,d,K) = 
(6, 3, 2), (8, 4, 2), (11, 5, 2), (9, 3, 3). 

It is known |ELVt Lemma 1.1+Lemma 4.2] that (B) is true if d > 3 
and 

1 ^ (k - 1 + S> 
n — k + 1 > 

V K 

Lemma 2.3. Condition (B) holds if and only if 



re— 1 « 

in = d' ^2 {~d) J £n-K ■ tj-K+i ■ c rk{QE )-2-j{QE) ■ c 1 {V x 

j=K-l Jn 



is nonzero. 



Proof. From the construction of P(G V ) we have the maps 
P(G V ) U P(K) ^ P(V V ) ^> Gr K . 



We claim that 

(2.3.1) {ho go /),(c 1 (0 P(y v ) (l))"- 1 ■ ci(0 P(f? v ) (l)) Ar ) = 

n-l 

(_1)«-V- ]T (-d)^„_* • • c MQE y 2 ^(QE) 

(AT = dimP(Sym d (A; n+1 ))). Indeed, 

5 f */*(ci(Op(G v )(l)) Ar ) = 9* s Tk(QE)-i(G) = 5 , *c r k(QB)-i(Q-E/Cp(v" 1 )(-d)) = 
^^^Cri^Qs^.xCQ.E^Cif^y^l)) 1 = ^^c rk (Q jB )_i_i(Q^)-Sj- K+ i(F L v ), 

and fromETJLlwe obtain s^V^) = Sj(F v ) + ci(e> P(y v)(l)) • Sj-i(F v ) for 
all j. Thus, 

(2.3.2) (ho go /),( Cl ((9 P(y v ) (l))"- 1 ■ c 1 (0 P(G v ) (l)) Af ) = 
J2 dic MQE)-i-i(QE) ■ (s n - K -i(^)^_ K+1 (\/ v ) + s n _ K (V r )s i _ K (V rV )). 
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On P(V V ) the natural morphism QE®Ov(v^)(~ d) — > O is surjective, 
so that the top Chern class of QE ® 0pryv)(— d) vanishes: 

h*c Tk (Q E )(QE®0 ¥( yv)(-d)) = /i^^(-(i) J c rk( Q i;) _ i (Q J E)-ci(0 P{V /v ) (l)) i = 

i 

Y,(- d y c MQE)- i (QE)s i - K (V) = (-lTd-Y, d l c rk(QE) . l _ 1 (QE)s i+1 . K (V v ) 

i i 

is zero and together with 12.3.21 we obtain 

(ho go /),( Cl (0 P(y v ) (l))"- 1 ■ Cl (0 F(G v ) (l)) iV ) = 

d- y^ j d l c J . k{ Q E) _ i _ 2 (QE) ■ s n - K (V)s i+ i- K (y v ). 

i 

Then, Sj{V v ) = {-l) j Sj{V) = Cj{QV) = ^ proves the claim. 

Let 7r be the map in condition (B). For a general closed point (x, X) 
the irreducible components of 7r^ 1 (a;,X) map generically one to one 
to Gr K . The class ci(V v ) = ci(A K+1 V v ) is the class of an ample line 
bundle and s is the dimension of the generic fiber of tt, if tt is surjective. 
Thus, ii is surjective if and only if f ¥ , G v\ ci(V v ) s ■ [7r _1 (x, X)] ^ 0. The 

class Ci(C , p(yv)(l))™^ 1 -Ci(C > p(GV)(l)) Ar is equal to £\ 7r*(xj, Xi) for some 
general points (xi,Xi) and 12 .3 .11 implies the Lemma. □ 

Remark 2.4. From the proof of Lemma I2T31 we obtain a geometric inter- 
pretation for m. Let HGr K be a complete intersection of s hyperplanes. 
For a general hypersurface X and a general point x E X the number m 
is up to the factor (— l) K ~ l d the number of K-planes in HQi K through 
x which meet X in a k — 1 plane with multiplicity d. 

In the following Theorem we work with the category of (pure) Chow 
motives with rational coefficients (see [Fj Chapter 16]) and Q(— 1) de- 
notes the Lefschetz motive. 

Theorem 2.5. Let n, d, k be numbers satisfying (B). Let X C P n be a 
smooth hypersurface of degree d such that the Fano variety F K (X) of k- 
dimensional planes contained in X has the expected dimension (which 
is dimF K (X) = (k + l)(n - k) - ( d + K ) ), and let HF K (X) C F K {X) be 
a complete intersection of hyperplanes (in the Pliicker embedding) with 

dimHF K (X) = n-2/e-l. Furthermore, letip : HF K (X) -> HF K (X) be 
a generically finite surjective morphism which resolves the singularities 
of HF K (X). Then there is an isomorphism in the category of Chow 
motives with rational coefficients: 

(X, id*) = (HFJJC), P) ® Q(-«) © Q(-i) 

i=0 
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for a suitable projector P. 



Proof. From Lemma [1.51 and Lemma [2.31 we obtain 



(2.5.1) A x = -l z *Z( Cl (V v ) s ) + -i*, w „ )2 (a n _i). 



In the cartesian diagram 



fxxx 



XxX 



- X F K (X) ~ 



3 x Gr „ S x GlK P(£ v ) 



pullback and pushforward commute, because F K (X) has the expected 
dimension. Therefore 

(2.5.2) i^Z{ Cl {V y ) s ) = fxxx^Vy) = (fxxxoriU[ExHF K (x)Z]), 

where r] : HF K (X) —>■ F K (X) is a complete intersection of s hyperplanes 
(thus the dimension is dim HF K (X) = n — 2k — 1). It is more convenient 

to write H = HF K (X) and H = RFjx). 

There is a cycle Y G CH n _ 2 K-i(^) <8> Q (i.e. Y is a rational linear 
combination of connected components of H) such that i/j*(Y) = [H]. 

Let 0i e Cor(# <g> Q(-k),X) (resp. 2 Cor(X,# ® Q(-k))) 
be the correspondence defined by the cycle Hx H EmHxX (resp. 
[3 XjjH] -prg(Y) in X x H, where prg : X x H — > is the projection). 

We consider the commutative diagram 



It is easy to see that 0i o <fi 2 = (fxxx °V° x h "1 'P r &00)> an d 

V£(|E X# S] • prt (y)) = [3 x H 3] together with [2X2] yields 



If H is the class of a hyperplane in P ra then we write Pi for the 
pullback of ® H* e CH n " 1 (P n x P n ) ® Q to X x X. The 

correspondences P , • • • , fn-i are idempotent and orthogonal. We may 




(2.5.3) 



lO 2 = Z( Cl (V v ) s ). 
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write a n _! = f ^Xo (3^-^ ® iP and it follows from I2XT1 and 12X51 
that 

1 n— 1 

A X -J2^ = 0i ° 02 + - X ) P - 

Composition with Pj shows that — 0i o 2 ° Pi = (A — l)Pi and 



(2.5.4) A x - V Pi = 0! o {--fa + - V 2 o p). 

i i=0 

Since (X,Pi) = Q(-i) and (X, A*-£i ^) = (P, -^ 2 o(A x -£ 4 P) o 0i) 
by 12.5.41 this proves the theorem. □ 
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